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Abstract V

This paper suggests an assignment algorithm in order to construct a r@ e Slope
for any given data along with building division algorithms\fos gene terpolating
intervals. In connection with these, finding out the oth Cunge Jalgorithm and
generating itare essential. Finally, the fulfillment them i ror analysis and
numerical experience concerning with Smooth @ It in a reasonably
varitying the Smooth Curve.
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1. Introduction

Smooth curves and surfac&asonab‘l a set of arbitrarily given points are being
popularly used in indust n;?nd eco Ids Specifically, smooth curves are widely
used in statistical areas omic a , and time series that require estimation of data
in a regression I|n on and feast squares method. Today, as computer application
technology has e S|gn 9.% the use of smooth curves is being extended further
to various .1 ud|n tr es such as design drawing, speech synthesis and
tracking, co r ga atlon and art media.

For a set of data arhi given in two-dimensional space, a smooth curve suitable for
the data can be fo @ using piecewise cubic interpolation. Among the equations that
are categorized L&vpiecewise cubic interpolations, Hermite, Lagrange and Spline are
u

generally .

Takingq%ose look at the common characteristics of interpolation, interpolation
equatio y depending on how many nearest points are applied when establishing an
al @that assigns a slope. Another characteristic is that there is limitation such that
t%n data can be applied to interpolation equation only if at least one variable of the
data¥S monotonically increasing or monotonically decreasing.

Comparing equations under the piecewise cubic (P-C) interpolation, P-C Spline shows
the highest usability from a perspective of smoothness, while proving that P-C Hermite
has the least error limit [1,10]. Therefore, P-C Hermite is the most superior technique in
finding a solution to a differential equation because P-C Hermite yields the least error.
P-C Lagrange is mostly applied to integral calculus, while P-C Spline is applied to
generating smooth curves [2].

This paper aims to suggest a smooth curve algorithm taking into account individual and
common characteristics of P-C interpolation methods, with focus on three views as
follows. Furthermore, this paper compares and investigates the proposed algorithm
through mathematical error analysis and numerical example in terms of its smoothness.

The first view is to apply the piecewise cubic method in order to improve monotonicity
of the given data [3].

ISSN: 1975-0080 IUMUE
Copyright © 2016 SERSC



International Journal of Multimedia and Ubiquitous Engineering
Vol.11, No.1 (2016)

Second is to set a reasonable slope by applying characteristics of curve to the given
data and the domain of monotonic P-C interpolating curve in order to improve time
complexity and smoothness more.

Third is to propose a divide algorithm in order to enhance smoothness of an
interpolated curve since applying uniform interval might result to lack of smoothness of a
curve. For a given data set, estimation of a curve model is carried out after finding a
critical point and an inflection point where curvature changes of a curve. To ensure the
characteristics of a critical point and an inflection point of a curve, the given range is
subdivided in accordance to the inflection points. In accordance to a curving ratio of a
curve constructed within subdivided range, the interval is more subdivided by the
proposed division algorithm.

2. Approach of the Proposed Algorithm V

As a fitting method for a curve for a given data set, piecewise cubic dntgrpolation
method is used. To ensure monotonicity, parametric pieeewise Bolatron i
applied. To set up a reasonable differential value, t ‘%acterr the slope in
accordance to the given data, the range of slope co critical point, and the
reasonable slope within the range where mor’ rve an drawn should be
configured first. Lastly, the way to consider a crit oint flectron point will be
described in order to propose the division algo@w that cgnotr s interpolation intervals.

2.1. Piecewise Cubic Interpolation

In a method of piecewise cubic cWRterp }g)ndrng o(rl), g(r2), g(r3), g(rn), for

each interval [riri+1] at a range\o —r1<r2< =b is to find approximation function
f which is equivalent to an arbitfagy 4-order nomial equation pi.

In terms of main differgmce in dif -C interpolation equations, P-C function is
determined dependrng to ass ope Si.

P-C Hermite ch sb% e first erivatives Si.=g'(r), while P-C spline the second
derivative Pi-1"(ri ex "(ri), [ Apart from this, there are two other characteristics.

First, PC |on met is«sed only if at least one variable of values that pass
through the has monotonicity. In this case, the variable having
monotonicity can be red to be an independent variable. In other words, PC
interpolation method to be applied when both variables have no monotonicity.

Second, a sIop@is calculated by selecting the value for the first order derivatives in
the points that pass through two points and the nearest point.

-C interpolation method, the characteristics and estimated value of curve

ent depending on how many nearest points are used, how to select the slope

e order of derivatives.

2.2. Parametric Piecewise Cubic Interpolation

To apply P-C interpolation method when both variables have no monotonicity, the way
to establish P-C function is to make either of two variables be monotone. For the data
without monotonicity, the data itself have a turn-back point. In this case, it can be
achieved only by multi-variable curve.

Therefore, smooth multi-variable curve can be created by selecting parameters that are
increased through the given data, and interpolating those two separated linear functions
individua lly.

When t=i is chosen for the i-th data (x;,y;) [3], smooth curve for i has an interpolated
function through all points (i, v;), two single valued curves with same parameter can be
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created. Now, the same parameter commonly used by two curves will become an
independent variable.

As described above, the separated parametric P-C functions can be calculated
independently. Therefore, this method’s advantage is that it can be applied to an arbitrary
set of data without need of distinguishing the type of data by a user or a program.

2.3. Howto Assign a Slope for the Given Data

Generally, the first order derivatives assigned to smooth curve for the given data varies
depending on the position of data value adjacent to the given data. As mentioned in 2.1,
the derivative function assigned to the given data value will be different depending on the
interpolation equation.

In global methods such as Spline, all data values are used to calculate the first order
derivatives for each data, and the second order derivatives passing through the&)
used to compute the value of the first order derivatives.

Contrary to the global method, the local method uses only some of dat es a Jacent
to the given data in determining the first order derivatives fit4for,eac a

Therefore, P-C interpolation equation will be differe nding 4@ many nearest
points are considered in the process of generatin rst 4Qrder, *derivatives. The
minimum amount of data required for this proce e points that reside
at left or right-side of the given data. dv

Direct procedures to select parameter an 55|gn th order derivatives to the
generated curve with use of minimum amo data a'f rlbed as follows.

Since we select t=i among a set with value from i-th data (xy;),

parametric PC interpolation techniquecap be a separatlng it into (i, v;) and (i, vj).
For t, the first order derivativ func%{ each variable can be obtained by
selecting the point that reade!.aﬁe and rlg of the given data [3].

i y -1 i+l i+2
%ﬁre 2-1. Slope Assignment Method for Any Given Data

re 2-1], if dv;_; is set to be a fixed value, s is considered to be a function for dv;.

In tégms of the shape for dv; which is an independent variable, S will be drawn within the
domain between two linear lines defined by y= dv;_; and y= dv;.
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f(av;)
/ fldvy)= dv;

1
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-- f(dv))= dv.,
1%
[
Figure 2-2. Domain of Slope
2.4. Characteristics of Curve for the Given Data
When the curve is used as a tool for representin th@ the uld represent all
the characteristics of the data within the curve er w ds curve should not

denote unnecessary model. In case the data is pr ed to |rst degree curve, the
first-degree curve should represent the data he data _has wonotonicity, a turn-back
point should not be shown in the figure. ment’s.éssary to construct the curve
while satisfying these constraints can bﬁarmd beXthree properties as follows:

Property 1. Each parametric curve hav. range as the data.

Property 2. Each parametric u ould a%; increasing curve during the range
of data that are increasing and.d&‘ ing the range of data decreasing.

oin

sing curve
Property 3. Turn-back t should 519@ at the curve only when turn-back point
exists in data. )\,

2.5. Characte rlst@g urve foﬂe Given Data

To ensure '@é 's mode learly, it is necessary to suggest a critical point.

At a data the critizal value, the curve has maximum and minimum value at
neighbor areas close to Wen data in case the value is higher or lower than the variable
at the nelghborlng p two points.

Therefore, it e reasonable to allow the interpolated curve to prevent from
deviating far fr e critical value rather than to assign turn-back point with the value

identical to\& itical value.
When and av , has opposite sign, the value of data v, should be recognized to be

a critic omt.

s assigned to a function at the given v, the interpolated curve has turn-back point.
Thus, S (dvii, dv)=0 is required, only when dvi; and dv; has opposite sign. If this
condition is combined to the drawing illustrated by [Figure 2-2], then domain where
Sresides will get smaller.
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Figure 2-3. Domain of Slope about Critical Point@E )

2.6. Domain of Monotone Curve ,'?\ 5 xﬁ)
Turn-back point should not appear in a set of d e intefpolation equation.
Fritsch and Carlson [4] analyze the interpgate odel WA ree-dimensional curve

shape between two values of data. They and build this model by combining
correlation values of a slope S; that is useg creating N one curve as necessary. The

result yielded by Fritsch and Carlson i nin [Fi 2-4].
Therefore, a function S; should& i
e

e ~const g‘u en dvi; x dv; > 0. Furthermore, a
slope S; cannot exceed three m smalleryajue between dv; and dvi..

Si.r

N
4dv; LQ&———— ------------- .

L ------------ av;
Q av; 2dv; 3dv; 4dv;

?Q Figure 2-4. The Results of Fritsch and Carlson
3

. Slope Algorithm

3.1. Propose Slope Algorithm

As discussed in chapter 2, a slope s, to calculate the derivatives for a parameter t when
values of the given data are provided should derive an interpolated curve within the
limited domain as shown in [Figure 2.4].

Following symmetric function for dv;, and dv; lies in the limited domain.

If the function is defined as S=3(dv;.; <dv;)/2(dvi.; Xdv;) where dv;.><dv;, it appears to
be monotonically increasing for dv;_;><dv; and symmetric for dv; and dv;.
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3.2. Validity Analysis

In order to analyze validity of the slope S=3(dvi; <dv;)/2(dv;, Xdv;), this Section
sequentially describes the procedures as discussed in chapter 2.

First, based on the characteristics of the curve represented by values of the given data
in Section 2.3, the slope satisfies a boundary S;(dv;, dvi.;),e(jdvi|,|dvi1|) within which the
curve can be drawn.

Second, dv; and dv; are opposite sign at values of the given data, critical value exists.
The slope turns to 0 at point i.

Third, based on discussion in Section 2.6, the slope is S;i(dv;, dvij), e(0,

min(| 3dv;l, | 3dvi [))when dvi; X dv; > 0. Thus, the domain meeting all cefditions
mentioned above can be drawn as [Figure 3-1].

f(dv;) flav)= 3av;

Figure 3-1. V, %&y Ana@m" Slope Assignment Algorithm

4. Smooth Cu@gor@
4.1. Divide @ithm Q)

As mentioned earlier, rpolation with equal interval might produce a curve with lack
of smoothness. T %(ove this, we propose an algorithm that enables to construct
interpolating intg@orresponding to the curvature ratio as follows.

Two separate fOnctions are as follows.

f(%x + Axt + Apxt® + Agxt® + ... (1)
Aoy + Ayt + Ayt + Ayt + ... (2)
r we find the second order derivatives from two separate functions and then
@\em 0, we can easily distinguish critical points at which curvature changes.

THhat is, t = apX / 3a,x, t = a,y / 3a,y are yielded. When two points are residing in the 0 <
t < 1, they are accepted as an interval. Otherwise, that is, t <0 or t >1, they are ignored.
Therefore, an interval is divided into three sub-intervals if both of two points are accepted
within the given interval. If only one of the points is accepted, an interval is divided into
two sub-intervals.

If there are inflection points in sub-divided intervals, ratio of an angle of tangent line at
the inflection point to an angle of tangent line at the starting point is subdivided with
equal interval. Then, interpolation is carried out by subdividing those intervals again.

Thus, subdividing the interval corresponding to the ratio of two angles in the interval
can enhance smoothness.
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4.2. Smooth Curve Algorithm

Steps to propose the smooth curve algorithm are as follows. Based on a theoretical
background on design of an algorithm as discussed in chapter 2, first step is to set the
direction for getting smooth curve algorithm. The second step is to apply the slope
algorithm suggested in chapter 3 and to define two different functions. The third step is to
create the interpolation intervals in conjunction with the divide algorithm as summarized
in Section 4.1 The final step is to propose the curve algorithm adopting spline function
based on the sub-divided intervals generated in the previous step.

Algorithm 4.1 Smooth Curve Algorithm

/I Parametric PC method is used for Interpolation ¢ 6

/I Draw smooth curve using n points \

/1'x(i),y(i) are the given data set Q x)

/I3, 11 are position values of first and second vectorQ V

Begin Q . A\

Initial Nchord, Join, I; ° %

Init=iy; \Q \
Determine where closed curve ,@
Draw (x(init),y(init)); Q)

Index pointincrease 4

If i;>n then return %
Else if t; >n then goto 14
Elsel |f N =1 then
e ord<1t en
Calculate cubic cogeffi t (axq, f i1,ay1, f dv.l)
if straight line alght( ., iVi+1,5i)
Division (A Ayz, Ay Any point where curvature Direction
For (i=1,nt,l
Calculate mter ola ernaI length
T= td‘@t
While (k<
inter| 0 (x(l) y(i))
& =k+1;
s
}s
data points

late curve gradient
2 chord decide on curve at (x(i),y(i)
Calculate gradient at start of open curve
/I After last point, decide on curve at (x(i),y(i))
End
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4.3. Implementation

To implement the smooth curve algorithm, we generated two parametric functions by
applying the slope algorithm proposed in chapter 3. Next, we created the interpolation
intervals adopting the divide algorithm in Section 4.1. Finally, spline function is applied.

As for boundary condition, the boundary condition of spline function is employed to

the slope %:, which was proposed in the slope algorithm. In this fashion, the way that open
curve's boundary is used to assign a slope was implemented by referring to "A Practical
guide to Spline™ written by De Boor [3].

The slope used here is S, = [3dVv,.1— S (dV,.1,0v,)/2]

5. Analysis and Review V.
5.1. Analysis of Mathematical Error

In this Section, we estimate limits of errors for the pr d smoo algor ithm,
P-C Lagrange, P-C Hermite, and P-C Spline.

In estimating limits of an error for ||F-P||, P d te interpolation
polynomial equations and C’(a,b) denotes a s der t|v d continuous real

variables with degree 4 at an interval (a, b).
1) In the case of FEC (a b) and Ss(x) B@d B- Sp|l%ln rpolation equation, ||F-

P[|<—— Il , Where 4 - \
384 p° \a
The above equation 1) is CI'[ fr '(f?smc Iready been proved in [3].
The limits of error for the rve algor can be written as follows:

| f-s-C|| = (t-i)? (t- |+1) , |, i+1s]

where ||f s c||_ (¢ % (@1) [&mtbs ZH+0)]]

)( x)]/ K f €[i, i+1]
Thus the I ror fo mgoth curve algorithm are

w%g& is a size of an interpolation interval

It-s-cll<=

5.2. Numerical 5|s

Numeri &r}alysis is carried out by utilizing functions and numbers proposed by
"about pi@ke third order interpolating polynomial™. As for examples other than this,
we cor@ and investigate data suggested by Fritsch and Carlson [1].

Sults obtained from F(x) = cos2x x at a range of [0, 3.5] applying n=9 are as
foll

Figure 5-1. F(x) = cos2mx and C. B-Spline
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Figure 5-2. Graph of e(x)=f(x) - Ss(x)

The interpolation results of the curve F(x) = cos2zx at a range of [0, 3.5] apply%:@

by using the smooth curve algorithm are as follows. Y

Stune _\Lm) ]
\[
\[

Figure 5-4. Graph of e(x)=f(x) - S-C(x)

@5 1] compares the results of relative error and absolute error obtained by
a g three traditional interpolation methods and the proposed smooth curve algorithm
to F(x) = cos2x x inrange of [0, 3.5] atvarying n=9, 12 and 15

Table 5.1 Comparing Error Estimation for F(x) = cos2mx [0,3.5]
P-C smooth curve

P-C Lagrange P-C Hermite P-C B-spline
Absolute | Relative | Absolute | Relative [ Absolute | Relative | Absolute | Relative
n=9 | 0.294 97.72% | 0.028 6.39% 0.116 31.34% | 0.032 12.28%
n=12 | 0.117 39.17% | 0.009 2.12% 0.023 7.51% 0.015 3.25%
n=15 | 0.054 19.17% | 0.004 0.86% 0.007 1.78% 0007 1.16%
237
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Second, two curves were obtained by applying spline method [4] and the proposed
smooth curve algorithm to the data provided by Fritsch and Carlson as following table.
[Figure 5.5] illustrates two curves respectively.

01 10.

(a) Mothed: SPLINE °
Figure 5-5. Compare Two Cu & or th\ a Provided by Fritsch and
arl

smoothness than the tr aI me owever, this is because we draw the line
connecting points aft tlng the out. Looking at an actual smooth curve, it is
indicated that it |s etter t We traditional method in terms of smoothness.

6. Conclu‘

This paper proposes@a gorithm that assigns proper slope to the data given at two-
dimensional space a ivide algorithm that generates interpolating intervals. Based on
these algorithms paper also proposed an interpolating equation to draw smooth
curve.

Accordlm%?«the mathematical error analysis comparing the proposed method to
traditiona ods, an error rate in P-C interpolation depends on h ,which is an equally
|v§e erval while an error rate in the proposed method depends on A; yielded by the

Results obtained by the compu er shog%t the proposed method seems to yield less

divide algorithm.
numerical analysis based on the numerical data, the extent of an error depends on
the subdivision ratio of curvature and the position of the given data.

From the results shown in [Table 5.1], the proposed method underperforms the P-C
Hermite in terms of precision of an error, while it outperforms the P-C Hermite in terms
of accurateness and smoothness.

The proposed algorithm has the advantage that it is easy to apply. The advantage comes
from the fact that the monotonicity existing in data is handled by an algorithm, which
implies that user or program does not need to care about the monotonicity internally
residing in data. Since it is based on only three points, it is said to be compact and fast.
Also, it is significantly reasonable because it estimates data on a logical ground.

The algorithm proposed by this paper can be applied to three-dimensional case, which
can be surface application. Therefore, it is expected that the proposed method would
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contribute to various fields like rendering in computer graphics, animation and computer
arts, as well as designing and engineering system.
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